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Abstract 

The purpose of this paper is to study gradient estimates of Hamilton - Souplet - Zhang type 
for the following general heat equation 

ut = Ayu + aulogu + bu 

on noncompact Riemannian manifolds. As its application, we show a Harnack inequality for the 
positive solution and a Liouville type theorem for a nonlinear elliptic equation. Our results are 
an extension and improvement of the work of Souplet - Zhang ([n]), Ruan (nni), Yi Li ([?]), 
Huang-Ma ([5]), and Wu ([H]). 
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1. Introduction 

In the seminal paper [5] , Li and Yau studied gradient estimates and Harnack inequalities for a positive 
solution of heat equations on a complete Riemannian manifold. Later, Li-Yau’s gradient estimate 
was investigated by many mathematicians. Many works have been done to show generalizations 
and improvements of Li-Yau’s results (uni [ID and the references there in). In 1993, Hamilton 
introduced a different gradient estimate for a heat equation on compact Riemannian manifolds. 
Then, Hamilton’s gradient estimate was generalized to the case of complete noncompact Riemannian 
manifolds. For example, see m and the references there in. 

On the other hand, the weighted Laplacian on smooth metric measure spaces are of interest, 
recently. Recall that a smooth metric measure space is a triple {M,g, e~-^dv), where M is a Rieman¬ 
nian manifold with metric tensor g, f is a smooth function on M and dv is the volume form with 
respect to g. The weighted Laplacian is defined on M by 

= A.-(V/,V-). 

Here A stands for the Laplacian on M. On {M,g,e~-^dv), the Bakry-Emery curvature Ricf, and 
the A-dimensional Bakry-Emery curvature RicJ respectively are defined by 

Ricf = Ric + Hessf, Ricf = Ricf — O 
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where Ric,Hessf are the Ricci curvature and the Hessian of / on M, respectively. In particular, 
gradient Ricci solitons can be considered as smooth metric measure spaces. Hence, the information 
on smooth metric measure spaces may help us to understand geometric structures of gradient Ricci 
solitons. Recently, X. D. Li, Huang-Ma, and Ruan investigated heat equations on smooth metric 
measure spaces. They have shown several results, for example gradient estimates, estimates of the 
heat kernel, Harnack type inequalities, Liouville type theorems... see [a El Ho] and the references 
there in. An important generalization of the weighted Laplacian is the following operator 

Ay- = A- + (H,V-) 

defined on Riemannian manifolds {M,g). Here V and A are the Levi-Civita connenction and Lapla¬ 
cian with respect to metric g, respectively. H is a smooth vector field on M. A natural generalization 
of Bakry-Emery curvature and A-Bakry-Emery curvature are the following two tensors (El El) 

Ricv = Ric — —Cvg, Ricy = Ricy — 0 E, 

where N > 0 is a natural number and Cy is the Lie derivative along the direction E. When E = V/ 
and / is a smooth function on M then Ricy,Ricy become Bakry-Emery curvature and A-Bakry- 
Emery curvature. In [7], Li studied gradient estimates of Li-Yau and Hamilton type for the following 
general heat equation 

Ut = Ayu + au log u 

on compact Riemannian manifolds {M,g). 

In this paper, let {M,g) be a Riemannian manifold and E be a smooth vector field on M. We 
consider the following general heat equation 

Ut = Ayu + aulogu + bu (1-1) 

where a, b are functions defined on M x [0, -foo) which are differentiable with respect to the first 
variable x G M. Suppose m is a positive solution to (HU) and u < C for some positive constant C. 
Let u := u/C, then 0 < m < 1 and u is a solution to 

Ut = Au -f (E, Vu) + au log u + bu, 

where b := {b + alogC). Due to this reason, without loss of generality, we may assume 0 < m < 1. 
Our first main theorem is as follows. 


Theorem 1.1. Let M be a complete noncompact Riemannian manifold of dimension n. Let V be 
a smooth vector field on M such that Ricy > —K for some K > 0 and \V\ < L for some positive 
number L. Suppose that a,b are functions of constant sign on M x [0,-|-oo), moreover, a,b are 
differentiable with respect to x G M. Assume that u is a positive solution to the following general 
heat equation 

Ut = Au + {V,Vu) + aulogu + bu (1.2) 

on M X [0, -foo). If u < 1, then 


|V^I 

U 



sup 

MX [0,+oo) 


\/2(max{0, A -|-a} -I-6-|- |6|) -|- 



(1 - logw). 
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On a smooth metric measure space, in m, Wu gave a gradient estimate of Souplet-Zhang type 
for the equation 

Ut = ^fU. 

By using Brighton’s proof trick [T] and the /-Laplacian comparison theorem of Wei and Wylie, Wu 
removed the condition that |V/| is bounded and obtained a gradient estimate for the solution u. 
Recently, in [4], the first author considered the following equation 

Ut = AfU + aulogu + bu. (1-3) 

We gave a gradient estimate of Souplet-Zhang for positive bounded solutions to (HH without any 
asumption on |V/| provided that Ricf > —K. In this paper if Ricy > —K, we have the following 
result. 


Theorem 1.2. Let M be a complete noncompact Riemannian manifold of dimension n. Let V be a 
smooth vector field on M such that Ricy > —K for some K > 0. Suppose that a, b are functions of 
constant sign on M x [0,-|-oo) and are differentiable with respect to x. Let u be a positive solution 
to the following general heat equation 


Ut = Am -|- (y, Vu) -I- MM log M -I- bu 
and u<l on M X [0,-|-oo). Then 


|V^I 

U 



sup 

M X [0,+oo) 


V^2(max{0, i^T -|- a} -I- 6 -|- |6|) -|- 



(1 - logM). 


When y = V/ and a = 0, 6 is a negative function. Theorem [T|2] recovers the main theorem in [lOj . 
It is worth to notice that the inequality (1.7) in [TU] was not completely correct. In fact, due to the 
proof of Theorem 1.4 in [10], the function \y\/—h\^/^ in the inequality (1.7) was evaluated at (xq, to). 
This means was not computed at {x,t). Therefore, the gradient estimate in the inequality 

(1.7) depends on (a;o,<o) G B{p,2R) x [0,T]. Here we used the notations given in [10]. However, if 
we assume that sup < -|-oo and replace |V y/—h\^^'^ by sup |Vin the 

iW'x[0, + oo) Mx[0,+cxd) 

inequality (1.7), then the conclusion of Theorem 1.4 in [10] holds true. Hence, Theorem 11.11 and 
Theorem 1 1.2 1 can be considered as a generalization and improvement of the work of Souplet-Zhang, 
Ruan, and Y. Li. 

This paper is organized as follows. In Section 2, we prove two main theorems. Some applications 
are given in Section 3. In particular, we show a Harnack type inequality for the general heat 
equation and a Liouville type theorem for a nonlinear elliptic equation. Our results generalize a 
work of Huang-Ma in [^ . 


2. Gradient estimate of Hamilton - Souplet - Zhang type 

To begin with, we restate the first main theorem. 

Theorem 2.1. Let M be a complete noncompact Riemannian manifold of dimension n. Let V be 
a smooth vector field on M such that Ricy > —K for some K > 0 and \V\ < L for some positive 
number L. Suppose that a,b are functions of constant sign on M x [0,-|-oo), moreover, a,b are 
differentiable with respect to x € M. Assume that u is a positive solution to the following general 
heat equation 

ut =/Su + {V,yu) + aulogu + bu (2.1) 
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on M X [0,+oo). If u < 1, then 

^ (^+ sup j ^/2{max{0,K + a} + b+ |6|) + (/ 

u Mx[0.+oo) [ V 2\a\ Z\b\ J J 

Proof. Let □ = A + (F, V) — 9* , / = logw < 0, w = |Vlog(l — /)p. By direct computation, we 
have 

□/ = ^-|V/P = -a/-6-|V/|2. 

Note that, in [7], the following Id-Bochner-Weitzenbock formular is proved 

^Ay IVup > |V^Up + i?icy(Vu, Vu) + (VAyU, Vu). 

Using this inequality and the assumption Ricy > —K, we have 

Dw > 2|v2log(l - /)|2 - 2i^|Vlog(l - /)|2 

+ 2( VAy log(l - /), V log(l - /)) - Wt. 

On the other hand, 


( 2 . 2 ) 


-Ay/ 


Ayl0g(l - /) = ^ ^ 


-□/ - /« 

1 -/ 


a/ + &+|V/|2-/t 


1 -/ 


af + b 

''1-f 

af + b 


1 -/ 

Combining (12.21) and (12.31) . we obtain 


+ (log(l - /)) J + (1 - /)w - w 
+ (log(l - /))t - fw. 


(2.3) 


Observe that 
Hence, 

□u> > — 2Kw + 2 


□u; > -2Kw + 2 (v + (log(l -/)),- fw^ , V log(l - f)'^ - Wf 

2(V( log(l - /))^, V log(l - /)) = (|V log(l - /)p)^ = Wt. 






= - 2Kw + 2 


,,/Va + V6„, af + b 

-aw + { —;-;—, V log(l - /) ) - ^- rW 


1 -/ 


1 -/ 


+ (l-/)u;2_/(Vu;,Vlog(l-/)) 


= - 2Kw - 2- 2aw + 2 ^V log(l - /) 
+ 2(1 - f)w^ - 2/ (Vzc, V log(l - /)). 


(2.4) 
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By the Schwartz inequality, we have 
//Va +V5 


\ 1-/ 


Vlog(l-/)) < 


/Va + Vb 


1 -/ 


|Vlog(l-/)| 


/|Va| + |V6| . 
- 1 -/ 


and 


-(Vn;,Vlog(l-/)) < |Vn;||Vlog(l-/)| = |Vn;|n; 2 . 

Combining the above inequalities and (12.41) . it turns out that 

□w > — 2Kw — 2 ^/ — 2aw — 2 ^^^_—_|_ 2(1 — f)w^ + 2 /|V/|rc 2 


1 -/ 


1 -/ 


, b \Vb\ 

= — 2Kw — 2aw + -2- - -w — 2^ - 


1 -/ 


1 -/ 


+ (“/) ( “2 —— 2 ) + 2(1 — /)u>^ + 2f\\7w\w^. 


1-/ 1-/ 
Since 0 < < 1, a simple calculation shows 


b r. |V&| 1 ^ b 1 |V6| 

—2r - -w — 2^ - = — 2z - tW — z --2 , , ^2\b\w 


1 -/ 


1 -/ 


1 -/ 1 -/ 


> 


r^( 


> - 


-/ 

|V6|2 


-26u;- -2|6|w 


Similarly, since 0 < ^ 1; have 

(-/)( " “ 


1 -/ 


2\b\ 

-) =(-/)( 

l-fV 


2 | 6 | 

- 2(b + |6|)w. 


-/), - I =(-/)! - 2^^ - 


1-/ 


\/2\a\w^ 


>- 


> - 


-/ 

iVaP 

2|a| 


— 2aw — 


|V«P 

2|a| 

— 2(a + |a|) w. 


2|a|w^ 


|Vc 


|V6|^ 


(2.5) 


+ 2(l-/)ri;2 + 2/|Vrt;|ri;5. (2.6) 


Hence, the inequality (12.51) implies 

□w>-2(it: + 2a+|a|+6+|6|)w- 

Choose a smooth function r]{r) such that 0 < r]{r) < 1, ri{r) = 1 if r < 1, ri{r) = 0 if r > 2, and 

0 > r]{r)~'^r]{r) > —Ci, r]{r) >—C 2 

I pfx') 

for some ci, C 2 > 0. For a fixed point p S M, let p{x) = dist{p, x) and ^ = 77 ' 

IVV-P _ |V77|2 _ 1 ( 77 ( 0 ')^ 2 / (-ci)^ 


i? 


. Therefore, 


V' 


77 77(7’) 


-|Vp(a:)| < 


i?2 


7-2 

_L 

i?2- 
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Since \V\ < L, the Laplacian comparison theorem in [3] implies 


Hence, 


- - 77 — 1 

Ayp < Y^(n — 1)K H-h L. 

P 


Ayl/j 


i?2 

>z£l _L (~^i) 

- i?2 R 


R 

\/{n- l)K + -—+ L 
P 


R 


> - 


\/{n— 1)K H — -h L 


Cl + C2 


i?2 


(2.7) 


Following Calabi’s argument in [5], let (p = tip and assume that Lpw obtains its maximal value on 
B{p, 2R) X [0, T\ at some (x, t), and we may assume that x is not in the locus of p. At (x, t), we have 

V{ipw) = 0 
A{ipw) < 0 
ifw)t > 0 

Hence, 

□ ((^w) = A{ipw) + (y, V{ipw)) — {ipw)t < 0. 

Since □((/sw) = {p\I\w + w'Oup + 2 (Vw, V</j), this implies 

(/jDw + wDt/j + 2 (Vw, V<p) < 0. (2-8) 

Combining (12.61) . (12.81) and using the fact that y[<pw) = ipVw + wS/p = 0, we obtain 

If |-2(a: + 2a + |a| + 6 + \b\)w - -+ 2(1 - /)w^ + 2/|Vu;|u;5 | + yjUf 

- < 0. (2.9) 




Since 


2f\\Jw\fw^ = 2f\\Jf\w^ > — ‘f}.^ w — (1 — fYfViP' 


(1-/)V 


>- w — fW . 


Plugging this inequality into (12.9|) . we have 

c2 /iVaP IV6P\ 

— 2fw[K + 2a + |a| + 6 + |6|) — i-^wt + fw^ — f ( + 2\h\ ) 

Noting that wU\f = 'u;[Ai/(ti/’) — it'tp)t\ = twAyip — ipw, by (12.71) and (12.101) , we obtain 


( 2 . 10 ) 


fw'^ + w -1—2(77 + 2a + |a| + 6 + \b\^f + t ~ ~ T’ 


|Va|2 |V6|2 


2k 


2\b\ 


< 0 , ( 2 . 11 ) 
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where 


R 


A = 


n — 1 


\/{n— l)K H — h L 


Cl + C2 + 3 cf 


i?2 


Multiplying both sides of (12.111) by (p = i'll:, we have at (a;, t) 

- {^w)T l^2{K + 2a+\a\ + b+ \b\)^ + A + i| - ® ^ < 0, 


where we used O<'0<l,O<t<r. Hence, 

(pw < T '1^2 (it" + 2a + |a| + 6+ + T ^ 

For any (xo,r) G B(jj,R) x [0,T], we have at {xq,T) 

w< sup < 2(max{0,iF +2a + |a|} + 6 + |5|) + 

Mx[0,+C5o) y 

Let R tend to +oo, we obtain at {xo,T) 

\Vu\ 


|Vc 


2|c 


W 

2\b\ 


|Va|2 |V&p 


2 |a| 


2\b\ 


-A + -. 


-{ 7 ^+ j j2(max{0,A" + 2a+|a|} + 6+|6|) + {/| ) (1 “ log m). 

mx[o,+oo) V J ^ 

Since {xo,T) is arbitrary, the proof is complete. □ 

Now, we give a proof of Theorem 11.21 

Proof of Theorem \1.2[ Since Ricy > —AT, the Laplacian comparison theorem in [7] implies that 

Avp < \/{n — l)Kcoth(^^ ^ < 1/(71 — l)Ar + —. 

Repeating arguments in the proof of Theorem 12.11 we have that in this case, the right hand side of 
(EH) does not depend on L. Hence, we have 


A = 


(n — 1 + \/(n — 1 )KR)ci + C 2 + 3cf 

A 2 • 


The proof is complete. 


□ 


In particular, if H = Vcf, a = 0 and 6 is a negative function on M x [0, + 00 ) then we recover 
Ruan’s main theorem in [10) . 

Corollary 2.2. Let M be a complete noncompact Riemannian manifold of dimension n and 4> 

be a smooth function on M such that Ric^ > —K for some K > 0. Suppose that b is a non-positive 
function on M x [0, + 00 ) and b is differentiable with repect to x. Assume that u is a positive solution 
of the following heat equation 

Ut = Au + (V(/), Vit) + bu (2-12) 

and u < 1 071 M X [0, + 00 ). Then 

+ sup iVi/^/Vl - logw) 

U Mx[0,+oo) '' 

provided that sup |V\/—6| < + 00 . 

M X [0,+cso) 
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3. Applications 

First, we show a Harnack inequality for a general heat equation. 

Corollary 3.1. Let M be a complete noncompact Riemannian manifold of dimension n and V be 
a smooth vector field on M such that Ricy > —K for some K >Q. Assume that a, b are functions 
of constant sign on M x [0,+oo). Moreover, a,b are differentiable with respect to x G M. Assume 
that there exist Ci,C 2 > 0 satisfying Ci > max{2a+ |a|, 6 + | 6 |} and 


C 2 > max < 


|Vc 


2 k 


w 

2\b\ 


If u is a positive solution to the following general heat equation 

ut = Au + (V, Vu) + aw log u + bu 

and u <1 for all {x,t) € M x (0, + 00 ), then for any xi,X 2 € M we have 

u{x2,t) < u{xi,t)^e^~^, 

where jd = exp — (■y/2(iF + Ci) + \fC 2 )f^ , p = p{xi,X 2 ) is the distance between 

Proof. Letting 7 ( 3 ) be a geodesic of minimal length connecting xi and X 2 , 7 : [0,1] —>■ M, 7 ( 0 ) = X 2 
, 7 ( 1 ) = xi- Let / = logit. Using Theorem 11.21 we have 


(3.1) 


Xi,X 2 . 


log 


1 - fixi,t) 
1 - f(x2,t) 


dlog(l - /( 7 (s),t)) 


</hl 


ds 

|Vu| 


ds 


0 

P 


it(l — logit) 


ds 


<4 + {y^2{K + Ci) + v^)p. 

Let P = exp( —^— (y/2{K + Ci) + \^C^p) , then the above inequality implies 
V ^2 / 

1 - f{xi,t) 


< 


Hence, 


The proof is complete. 


I-f{x2,t) P' 
u{x2,t) < u{xi,t)^e^~^. 


□ 


Corollary 3.2. Let M be a complete noncompact Riemannian manifold of dimension n and V be 
a smooth vector field on M such that Rivy > —K for some K > 0. Suppose that a, b are negative 
real numbers and the positive solution u to the heat equation 


Ut = Au + (y, Vit) + ait log u + bu 


satisfying it < 1. Then 


iVul 


< 


+ \/2max{0, K + a}^ (1 - logit). 


(3.2) 















Proof. By (12.61) we have 



If a < 0 then (13.31) implies 



Therefore, the conclusion of Theorem 1 1.2 1 can be read as 


Since 6 is a negative real number, we are done. 



□ 


Now we can show a Liouville type result. 

Corollary 3.3. Let M he a complete noncompact Riemannian manifold and V be a smooth vector 
field on M such that Ricy > —K for some K > 0. Suppose that a,b are negative real numbers, 
a < —K. If u is a positive solution to the following general elliptic eguation 


Au + {V, Vu) + aulogu + bu = 0 


and u < 1, then u = e <*. 


Proof. Since a < —K, we have max{0, K + a} = 0. Hence, let t tend to +oo in (13.21) . we obtain 


u 

This implies u must be a constant. Therefore u = e~^ 


□ 


We note that in [5], Huang and Ma proved the following Liouville type theorem. 

Corollary 3.4. (f^) Let [M, g) he an n-dimensional complete noncompact Riemannian manifold 
with Ric > —K, where K > 0 is a constant. Suppose that u is a bounded solution defined on M to 

Au + au log u = 0 

with a < 0. If a < —K, then u= 1 is a constant. 

Now, suppose that u is a positive solution to 

Au + {V, Vu) + aulogu + bu = 0 

and u < C, where a,b < 0 are constants, a < —K. We may assume C > 1, then u := u/C < 1 is a 
positive solution to 

Ut = Au + (y, Vu) + au log u + bu, 

where b := {b + alogC). If RiCy > —K, by Corollary 13.31 we have that u = exp ^ — logC), so 
u = Cexp (—f — logC). If 6 = 0 then u = 1. Therefore, we give another proof of Huang and Ma’s 
result. Moreover, it is easy to see that Corollary 13.31 is a generalization of Corollary 13.41 
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